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a b s t r a c t
A bicyclic graph is a connected graph in which the number of edges equals the number
of vertices plus one. Let ∆(G) and ρ(G) denote the maximum degree and the spectral
radius of a graph G, respectively. Let B(n) be the set of bicyclic graphs on n vertices, and
B(n,∆) = {G ∈ B(n) | ∆(G) = ∆}.When∆ ≥ (n+3)/2we characterize the graphwhich
alone maximizes the spectral radius among all the graphs inB(n,∆). It is also proved that
for two graphs G1 and G2 in B(n), if ∆(G1) > ∆(G2) and ∆(G1) ≥ d7n/9e + 9, then
ρ(G1) > ρ(G2).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a simple graph. Denote by NG(v) (or simply N(v)) the set of all the neighbors of a vertex v in G, and by
dG(v) (or d(v)) the degree of v. Write N[v] = {v}⋃N(v). Denote by ∆(G) the maximum degree of G. Let A(G) be the
adjacency matrix of G and Φ(G; x) be the characteristic polynomial det(xI − A(G)). Since A(G) is a real symmetric matrix,
all of its eigenvalues are real; we assume, without loss of generality, that they are ordered in non-increasing order, i.e.,
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G), and call them the spectra of G. In particular, the eigenvalue λ1(G) is called the spectral
radius of G, denoted by ρ(G). When G is connected, A(G) is an irreducible matrix. And by the Perron–Frobenius theorem
ρ(G) has multiplicity one and there exists a unique unit positive eigenvector corresponding to ρ(G). We shall refer to such
an eigenvector as the Perron vector of G.
Recently, many researchers studied the spectral radii of the graphs with some fixed invariant. Especially, in [6,7,9] the
spectral radii of trees and unicyclic graphs on n vertices with fixedmaximum degree were discussed, respectively. A bicyclic
graph is a connected graph in which the number of edges equals the number of vertices plus one. Let B(n) be the set of
bicyclic graphs on n vertices, andB(n,∆) = {G ∈ B(n) | ∆(G) = ∆}. This paper mainly discuss the relationship between
ρ(G) and∆(G) of a graph G inB(n). Wewill show that when∆ ≥ (n+3)/2, the graphM(n,∆) (see Fig. 5) alonemaximizes
the spectral radius among all the graphs inB(n,∆). It is also proved that for two graphsG1 andG2 inB(n), if∆(G1) > ∆(G2)
and∆(G1) ≥ d7n/9e + 9, then ρ(G1) > ρ(G2).
2. Preliminaries
Let Cp and Cq be two vertex-disjoint cycles. Suppose that v1 is a vertex of Cp and v` is a vertex of Cq. Joining v1 and v` by a
path v1v2 · · · v` on ` vertices, where ` ≥ 1, the resulting graph (see Fig. 1), denoted by B(p, `, q), is called an∞-graph. Let
P`+2, Pp+2 and Pq+2 be three vertex-disjoint paths, where 0 ≤ ` ≤ p ≤ q and atmost one of them is 0. Identifying their three
initial vertices and terminal vertices, respectively, the resulting graph (see Fig. 2), denoted by P(`, p, q), is called a θ-graph.
ObviouslyB(n) consists of two types of graphs: one type, denoted byB1(n), is those graphs each of which is an∞-graph or
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Fig. 1. B(p, `, q).
Fig. 2. P(`, p, q).
an∞-graph with trees attached; the other type, denoted byB2(n), is those graphs each of which is a θ-graph or a θ-graph
with trees attached.
Let X be the Perron vector of a connected graph G, and xu be the coordinate of X corresponding to the vertex u of G. Now
we formulate some lemmas about the behaviors of the spectral radius under some graph transformations.
Lemma 2.1 ([8]). Let u, v be two vertices of a connected graph G. Suppose v1, v2, . . . , vs (1 ≤ s ≤ d(v)) are some vertices in
N(v)\N[u]. Let X be the Perron vector of G. If xu ≥ xv , let G∗ be the graph obtained fromGby deleting the edges vv1, vv2, . . . , vvs
and adding the edges uv1, uv2, . . . , uvs; then we have ρ(G∗) > ρ(G).
Lemma 2.2 ([4]). Let G be a connected graph and e = uv be a non-pendant edge of G with N(u)⋂N(v) = ∅. Let G] be the
graph obtained from G by deleting the edge uv, identifying u with v, and adding a pendant edge to u(=v). Then ρ(G]) > ρ(G).
The transformation in Lemma 2.2 from G to G] is called the edge-growing transformation (or e.g.t. for short) of G on the
edge e in this paper.
Lemma 2.3 ([7]). Let st and uv be two edges of a connected graph G, and sv, tu 6∈ E(G). Let G′ be the graph obtained from G
by deleting the edges st and uv, and adding edges sv and tu. Let X be the Perron vector of G. If (xs − xu)(xv − xt) ≥ 0, then
ρ(G′) ≥ ρ(G), and the equality holds if and only if xs = xu and xv = xt .
3. The graph with maximal spectral radius inB(n,∆)when∆ ≥ (n+ 3)/2
In this sectionwewill show that when∆ ≥ (n+3)/2, the graphM(n,∆) (see Fig. 5) alonemaximizes the spectral radius
among all the graphs inB(n,∆) (see Theorem 3.1).
From the fact that the number of edges of a bicyclic graph equals the number of vertices plus one, we may obtain the
following result.
Lemma 3.1. Let w be a vertex of a graph G in B(n) with d(w) ≥ (n + 3)/2. Then ∆(G) = d(w), and w is the unique vertex
with degree∆(G).
LetM be a graph with maximal spectral radius among all the graphs inB(n,∆)when∆ ≥ (n+ 3)/2. ThenM contains a
unique vertexwith degree∆ from Lemma 3.1. Denote by X the Perron vector ofM . Nowwewill show some other properties
of graphM .
Lemma 3.2. The length of each induced cycle of M is 3.
Proof. Suppose to the contrary that C : v1v2 · · · vsvs+1(=v1) is an induced cycle of M , where s ≥ 4. Let w be the vertex of
M with degree ∆. Then we may pick an edge from C , say e = vivj, such that NM(vi)⋂NM(vj) = ∅ and w 6∈ {vi, vj}. Apply
e.g.t. on the edge e, and take the resulting graph asM ′. ThenM ′ ∈ B(n,∆), since dM ′(w) = dM(w) = ∆ ≥ (n+ 3)/2, while
from Lemma 2.2 we have ρ(M ′) > ρ(M). This contradicts the definition ofM . 
Lemma 3.3. Let u, v be two vertices of M such that 2 ≤ d(u), d(v) ≤ ∆− 1. Then N(u) ⊆ N[v] or N(v) ⊆ N[u].
Proof. First suppose that xv ≥ xu; then we claim that N(u) ⊆ N[v]. Otherwise let N(u) \N[v] = {u1, . . . , ut}, where t ≥ 1.
Case 1. t = 1.
There is at least one vertex in N(u)
⋂
N[v], since d(u) ≥ 2. SetM ′ = M − uu1 + vu1; thenM ′ is a connected graph, and
soM ′ ∈ B(n,∆), while ρ(M ′) > ρ(M) follows from Lemma 2.1. This contradicts the definition ofM .
Case 2. t ≥ 2.
Suppose that u′ is a neighbor of u lying on some path between u and v. For some i set M ′′ = M − uui + vui, where
1 ≤ i ≤ t and ui 6= u′. ThenM ′′ is also a graph inB(n,∆), while ρ(M ′) > ρ(M) holds.
If xv < xu, we may similarly prove that N(v) ⊆ N[u]. 
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Fig. 3. F(n,∆).
Fig. 4. H(n,∆).
Lemma 3.4. There exists at most one vertex of M with degree d, where 4 ≤ d ≤ ∆− 1.
Proof. Suppose to the contrary that there exist two vertices of M , say u, v, such that 4 ≤ d(u), d(v) ≤ ∆ − 1. From
Lemma 3.3, without loss of generality, suppose that N(u) ⊆ N[v]. Then there are at least four vertices in N(u)⋂N[v], since
d(u) ≥ 4. This contradicts the fact thatM is a bicyclic graph. 
Lemma 3.5. Let u, v be two vertices of M such that 3 ≤ d(u), d(v) ≤ ∆− 1. Then u, v lie on P(0, 1, 1).
Proof. From Lemma 3.3, without loss of generality, suppose that N(u) ⊆ N[v]. If v ∈ N(u) we are done. Otherwise let
{u1, u2, u3} ⊆ N(u) ⊆ N(v). There exist no edges between any two vertices of {u1, u2, u3}, sinceM is a bicyclic graph. Then
the subgraph ofM induced by u, u1, v, u2 is C4, and this contradicts Lemma 3.2. Thus v ∈ N(u), and u, v lie on P(0, 1, 1). 
Lemma 3.6. Let u, v be two vertices of M such that d(u) = d(v) = 2 and uv 6∈ E(M). Then u, v lie on P(0, 1, 1).
Proof. We have N(u) = N(v) from Lemma 3.3. Let N(u) = N(v) = {v1, v2}. Then v1v2 ∈ E(M) follows from Lemma 3.2.
Hence the subgraph induced by u, v1, v2 and v is P(0, 1, 1). 
Lemma 3.7. M is a graph inB2(n).
Proof. Suppose to the contrary that M ∈ B1(n); then from Lemma 3.2 we know that M contains a subgraph B(3, `, 3) for
some ` ≥ 1. Let u1, . . . , u5 be five different vertices on the cycles ofM; then there is at most one vertex in {u1, . . . , u5}with
degree∆. Hence we may choose two vertices in {u1, . . . , u5}, say ui, uj, such that 3 ≤ d(ui), d(uj) ≤ ∆− 1, or two vertices,
say up, uq, such that d(up) = d(uq) = 2 and upuq 6∈ E(M). Thus there is a subgraph P(0, 1, 1) in M by using Lemma 3.5 or
Lemma 3.6. This is a contradiction toM ∈ B1(n). 
Lemma 3.8. Let F(n,∆) and H(n,∆) be the graphs inB(n,∆) as shown in Figs. 3 and 4.
(1) When (n+ 3)/2 ≤ ∆ ≤ n− 2, we have M 6= F(n,∆);
(2) When (n+ 3)/2 ≤ ∆ ≤ n− 4, we have M 6= H(n,∆).
Proof. (1). Suppose to the contrary thatM = F(n,∆), and let X be the Perron vector of F(n,∆). Set
M ′ =
{F(n,∆)− {t1u1, . . . , t1u2∆−n−1} + {s1u1, . . . , s1u2∆−n−1}, if xs1 ≥ xt1;
F(n,∆)− t2s1 + u1s1, if xs1 < xt1 and xu1 ≥ xt2;
F(n,∆)− {t2s1, t1u1} + {t1t2, s1u1}, if xs1 < xt1 and xu1 < xt2 .
Then ρ(M ′) > ρ(F(n,∆)) = ρ(M) follows from Lemma 2.1 or Lemma 2.3. ObviouslyM ′ ∈ B(n,∆), which contradicts
the definition ofM .
(2). Suppose to the contrary thatM = H(n,∆), and let X be the Perron vector of H(n,∆). Set
M ′ =
{H(n,∆)− {zu1, . . . , zu2∆−n} + {s1u1, . . . , s1u2∆−n}, if xs1 ≥ xz;
H(n,∆)− t2s1 + u1s1, if xs1 < xz and xu1 ≥ xt2;
H(n,∆)− {t2s1, zu1} + {zt2, s1u1}, if xs1 < xz and xu1 < xt2 .
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Fig. 5. M(n,∆).
Then ρ(M ′) > ρ(H(n,∆)) = ρ(M) follows from Lemmas 2.1 or 2.3. Obviously M ′ ∈ B(n,∆), which contradicts the
definition ofM . 
Now combining Lemmas 3.1–3.8, we will give the main result of this section.
Theorem 3.1. Let M(n,∆) be the graph as shown in Fig. 5. Then M(n,∆) alone maximizes the spectral radius among all the
graphs inB(n,∆) when∆ ≥ (n+ 3)/2.
Proof. Let M be a graph with maximal spectral radius among all the graphs in B(n,∆) when ∆ ≥ (n + 3)/2. Combining
Lemmas 3.2 and 3.7,M contains a subgraph P(0, 1, 1). Let t1, t2, s1 and s2 be all the vertices of P(0, 1, 1), where dP(0,1,1)(t1) =
dP(0,1,1)(t2) = 2. We distinguish the following two cases.
Case 1. The vertex ofM with degree∆ lies on P(0, 1, 1).
By the symmetry of the vertices t1, t2, and the vertices s1, s2, we distinguish the following two subcases.
Subcase 1.1. dM(t1) = ∆.
Then we have ∆ ≤ n − 2 in this subcase. Assume that 3 ≤ dM(s2) ≤ dM(s1) ≤ ∆ − 1. Then dM(s2) = 3 follows from
Lemma 3.4. And we claim that dM(t2) = 2. Otherwise let z ∈ (NM(t2) \ {s1, s2}). SinceM is a bicyclic graph, then z 6∈ N(s1),
and so z 6∈ N[s1]. So N(t2) 6⊆ N[s1], while t1 ∈ N(s1) and t1 6∈ N[t2], i.e., N(s1) 6⊆ N[t2]. This contradicts Lemma 3.3.
Noting that dM(t2) = 2 and dM(s2) = 3 hold, from Lemmas 3.5 and 3.6, we know that any vertex which does not lie on
P(0, 1, 1) is a pendant vertex. Thus we have M = F(n,∆) (see Fig. 3), where (n + 3)/2 ≤ ∆ ≤ n − 2. This contradicts (1)
of Lemma 3.8.
Subcase 1.2. dM(s1) = ∆.
Then 3 ≤ dM(s2) ≤ ∆− 1. By using similar arguments as that of Subcase 1.1, we obtain that dM(t1) = dM(t2) = 2, and
any vertex which does not lie on P(0, 1, 1) is a pendant vertex. HenceM = M(n,∆) (see Fig. 5).
Case 2. The vertex ofM with degree∆ does not lie on P(0, 1, 1).
Then we have ∆ ≤ n − 4 in this case. Assume that 3 ≤ dM(s2) ≤ dM(s1) ≤ ∆ − 1. By using similar arguments as
that of Subcase 1.1, we obtain that dM(s2) = 3, dM(t1) = dM(t2) = 2, and the degree of any vertex which does not lie
on P(0, 1, 1) is 1 or ∆. Furthermore the vertex with degree ∆ is a neighbor of s1. Hence M = H(n,∆) (see Fig. 4), where
(n+ 3)/2 ≤ ∆ ≤ n− 4. This contradicts (2) of Lemma 3.8.
The proof is completed. 
4. A relation between ρ(G) and∆(G) of a graph G inB(n)
In this section we will prove that the spectral radius of a bicyclic graph G strictly increases with its maximum degree
when∆(G) ≥ d7n/9e + 9 (see Theorem 4.2).
Lemma 4.1. Let G be a graph inB(n,∆) with∆ ≤ n− 2, andw be a vertex of G. If each pendant vertex is in N(w), then there
exists a vertex, say u, on some cycle of G such that u 6∈ N[w].
Proof. Suppose to the contrary that each vertex on the cycles of G is in N[w]. Then G contains a subgraph B(3, 1, 3) or
P(0, 1, 1). And from the hypothesis that each pendant vertex of G is in N(w), then we have d(w) = n− 1. This contradicts
the hypothesis that∆(G) ≤ n− 2. 
Theorem 4.1. Let G be a graph in B(n,∆) with ∆ ≤ n − 2 and n ≥ 7. Then there exists a graph G′ in B(n,∆ + 1) such that
ρ(G′) > ρ(G).
Proof. If G = B(p, 1, q) for some two integers p, q, and p ≤ q, then q ≥ 4 follows from the hypothesis that n ≥ 7. Let w be
the vertex of B(p, 1, q) with degree 4, and w′ be a neighbor of w on the cycle Cq. Apply e.g.t. to G on the edge ww′, and the
resulting graph is denoted by G′. Then ∆(G′) = ∆(G) + 1, and ρ(G′) > ρ(G) follows from Lemma 2.2. If G = B(p, `, q) for
some ` ≥ 2, or G is a θ-graph, we also may apply e.g.t. on a proper edge to obtain a desired graph.
Now suppose that G contains a pendant vertex. Let X be the Perron vector of G, andw be a vertex of Gwith degree∆. We
distinguish two cases.
Case 1. There exists a pendant vertex, say u, of G such that u 6∈ N(w).
Denote by v the neighbor of u. We distinguish the following two subcases depending on the values of xw and xv .
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Subcase 1.1. xw ≥ xv .
Take G′ = G− vu+ wu. Then G′ ∈ B(n,∆+ 1), and ρ(G′) > ρ(G) follows from Lemma 2.1.
Subcase 1.2. xv > xw .
Write A(w, v) = N(w)⋂N[v], and d(v) = t .
Subcase 1.2.1. |A(w, v)| > 0.
Write |A(w, v)| = a. We claim that t ≥ a + 1. In fact if v ∈ A(w, v), then ({u, w}⋃(A(w, v) \ {v})) ⊆ N(v), and
if v 6∈ A(w, v), then ({u}⋃ A(w, v)) ⊆ N(v). Since ∆ ≥ t ≥ a + 1, i.e., 1 ≤ ∆ − t + 1 ≤ ∆ − a, we may let
N(w) \ A(w, v) = {w1, . . . , w∆−a}, and let
G′ = G− {ww1, . . . , ww∆−t+1} + {vw1, . . . , vw∆−t+1}.
Noting the choice of the verticesw1, . . . , w∆−t+1 and the fact that |A(w, v)| > 0, then G′ is a connected graph. Furthermore
G′ ∈ B(n,∆+ 1), since dG′(v) = ∆+ 1. And ρ(G′) > ρ(G) follows from Lemma 2.1.
Subcase 1.2.2. |A(w, v)| = 0.
Set N(w) = {w′, w1, . . . , w∆−1}, wherew′ is a neighbor ofw lying on some path betweenw and v. Since |A(w, v)| = 0,
thenwi 6∈ N[v] for each i = 1, . . . ,∆− 1. Noting that∆− t + 1 ≤ ∆− 1 holds, set
G′ = G− {ww1, . . . , ww∆−t+1} + {vw1, . . . , vw∆−t+1}.
From the choice of the verticesw1, . . . , w∆−t+1, wemay see that G′ is connected. Hence G′ ∈ B(n,∆+1) and ρ(G′) > ρ(G)
hold.
Case 2. Each pendant vertex of G is in N(w).
In view of Lemma 4.1, we may let s be a vertex on some cycle of G such that s 6∈ N[w]. And let t be a neighbor of s on
some cycle of G. We distinguish the following two subcases depending on the values of xt and xw .
Subcase 2.1. xw ≥ xt .
Set G′ = G− ts+ws. Since ts is an edge on some cycle of G, then G′ is connected. Thus G′ ∈ B(n,∆+1) and ρ(G′) > ρ(G)
hold.
Subcase 2.2. xt > xw .
By using the same arguments as that of Subcase 1.2, we may obtain a desired graph.
Combining the above cases, the proof is completed. 
Lemma 4.2 ([2]). Let v be a vertex of G, and C(v) be the set of all cycles containing v. Then
Φ(G; x) = xΦ(G− v; x)−
∑
u∈N(v)
Φ(G− u− v; x)− 2
∑
Z∈C(v)
Φ(G− V (Z); x).
Lemma 4.3 ([3]). For any simple graph G, we have that ρ(G) ≥ √∆(G) holds.
Lemma 4.4 ([2]). Let G be a graph on n vertices, and V ′ be a vertex subset on k vertices of G. Thenwe haveλi+k(G) ≤ λi(G−V ′) ≤
λi(G) for i = 1, 2, . . . , n− k.
Lemma 4.5. Let M(n,∆) be the graph as shown in Fig. 5. When∆ ≥ 7n/9+ 8 we have ρ(M(n,∆)) < √∆+ 1.
Proof. First we will prove that λ2(M(n,∆)) <
√
∆. Take V ′ = {s2}, where s2 is the vertex of M(n,∆) as shown in Fig. 5.
Then
M(n,∆)− V ′ = (n−∆− 1)K1
⋃
K1,∆−1.
So
λ1(M(n,∆)− V ′) = λ1(K1,∆−1) =
√
∆− 1 < √∆,
and from Lemma 4.4 we have
λ2(M(n,∆)) ≤ λ1(M(n,∆)− V ′) <
√
∆.
By using Lemma 4.2 and tedious calculations we have
Φ(M(n,∆); x) = xn−4[x4 − (n+ 1)x2 − 4x+∆n− n−∆2 + 2∆− 5].
Let
f (x) = x4 − (n+ 1)x2 − 4x+∆n− n−∆2 + 2∆− 5.
From Lemma 4.3 we know that ρ(M(n,∆)) is the largest root of the equation f (x) = 0. When ∆ ≥ 7n/9 + 8, it can be
verified that
f
(√
∆
)
= −(n−∆)−
(
4
√
∆+ 5
)
< 0,
f
(√
∆+ 1
)
= 3∆− 4√∆+ 1− 2n− 5 > 0.
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Hence there exists a root of the equation f (x) = 0 in the interval
(√
∆,
√
∆+ 1
)
. So ρ(M(n,∆)) <
√
∆+ 1 holds as
desired, since λ2(M(n,∆)) <
√
∆. 
Now we are ready to give the main result of this section.
Theorem 4.2. Let G1,G2 be two graphs inB(n). If ∆(G1) > ∆(G2) and∆(G1) ≥ d7n/9e + 9, then ρ(G1) > ρ(G2).
Proof. If∆(G2) ≥ d7n/9e + 8, then from Lemmas 4.3 and 4.5 and Theorem 3.1 we have
ρ(G1) ≥
√
∆(G1) ≥
√
∆(G2)+ 1 > ρ(M(n,∆(G2))) ≥ ρ(G2).
If∆(G2) ≤ d7n/9e + 7, from Lemmas 4.3 and 4.5 and Theorems 4.1 and 3.1, we have
ρ(G1) ≥
√d7n/9e + 9 > ρ(M(n, d7n/9e + 8)) ≥ · · · ≥ ρ(G′2) > ρ(G2),
where G′2 is a graph inB(n,∆(G2)+ 1). The proof is completed. 
In 1981, Cvetković indicated 12 directions in further investigations of graph spectra, one of which is ‘‘classifying and
ordering graphs’’ (see [1]). As an application of our main results, we may give a general approach about ordering the
graphs with larger spectral radii in B(n) by their spectral radii, since we only need to order the graphs inside B(n,∆) for
d7n/9e+ 9 ≤ ∆ ≤ n− 1. For example, note thatB(n, n− 1) = {B1, B2}, where B1 = M(n, n− 1), B2 is the graph obtained
from B(3, 1, 3) by identifying the vertex of B(3, 1, 3) of degree 4 with the center of the star K1,n−5. And let B3 = M(n, n−2);
then the following result follows from Theorems 3.1 and 4.2, directly.
Corollary 4.1 ([5]). Let G be a bicyclic graph on n (n ≥ 50) vertices and G 6∈ {B1, B2, B3}. Then we have ρ(B1) > ρ(B2) >
ρ(B3) > ρ(G).
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